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Abstract : 
We analyze the combined influence of nonlinear convective and irregular heat sources 

on non-Darcy convective heat transfer flow of Al2O3-water nanofluid past a stretching sheet 

with variable properties. Using similarity variables the non-linear partial differential 

equationsare converted into ordinary differentialequations and are solved by using Finite-

element method with quadratic shape functions.From this analysis, it is observed that primary 

velocity, temperature enhance, secondary velocity with viscosity parameter(B).Nu grows 

decays for higher values of viscosity parameter. Higher the strength of the 

space/temperature(A11/B11) dependent heat source leads to a depreciation in the flow 

variables. 

Keywords :Al2O3-water nanofluid; Stretching Sheet,non-linear thermal radiation, Finite 

Element Method,irregular heat sources. 

 

1.INTRODUCTION: 

The study of nonlinear thermal radiative fluid flow passing over a stretched surface is 

an area of potential interest for the researchers due to its applications in many engineering 

and physical processes. Some applicable areas of such processes are solar power technology, 

nuclear plants, aircraft, propulsion devices, combustion chambers and chemical processes at 

high operating temperature. Particularly, the thermal radiation effect plays a vital role in 

controlling the heat transfer process at polymer processing industry. In view of this, Mushtaq 

et al. [21], Pantokratoras and Fang [26], Shehzad et al. [30]were first to study the effect of 

nonlinear thermal radiation on the Sakiadis flow and Maxwell fluid. They employed the 

numerical method to solve the nonlinear thermal radiation problem, three-dimensional flow 

of Jeffrey fluid over stretched surface and developed the series solutions to analyze the 

results. Cortell [7] discussed the influence of thermal radiation effect on heat flow over a 

stretching sheet. The investigations by Hussain et al. [12], Animasaum et al. [3], 

Krupalakshmi et al. [17] and Mahanthesh et al. [19] dealt with the flows under nonlinear 

radiation effect and different physical conditions. 

In modern engineering and technology, the consumption of energy resources has 

become a prime interest due to its progressive significance in industrial systems. However, it 

is commonly noticed that due to environmental pollution and global warming issue, the 

whole world is facing the challenges of energy crises. The study of nanofluid, originated by 

Choi [6] in 1995, attracted a good deal of attention in recent years. The nanofluids are 

considered as the most potential coolants in mechanical industries and engineering systems. 

The nano materials are specified as metallic thermophysical parameters engrossed in the base 

liquid and subsequently enhanced the weaker thermal properties of that base material. Several 

efforts have been carried out to examine the anomalous characteristics feature of 

nanoparticles. For instance, Buongiorno [5] studied the two important slip mechanisms, 

namely thermophoresis and Brownian aspects, in the enhancement of convective heat 

transfer. The flow of nanofluid by using Buongiorno model over a stretching surface is 

presented by Khan and Pop [16]. Bhatti et al. [4] explored the thermo diffusion and Brownian 
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effects in the flow of tangent hyperbolic nanofluid submerged in the porous medium. 

Sheikholeslami et al. [31] utilized the Fe3O4 nanoparticles in the base fluid and proved that 

the thermal conductivity of the base liquid can be proficiently enhanced with the utilization of 

these nanoparticles. Khan et al. [14, 15], Rashidi et al. [26], Mabood et al[18]have explored 

the three-dimensional flow of water-based nanofluid under the influence of thermal radiation. 

Hayat et al [11] and Wakif et al. [36,37] have been described MHD three-dimensional flow 

of visco-elastic nanofluid in the presence of nonlinear thermal radiation.Prabavathi et al [25] 

have discussed three-dimensional heat and mass transfer flow over a stretching sheet filled 

with Al2O3-water based nanofluid with heat generation/absorption. 

In most of the studies, the viscosity of the fluid was assumed to be constant. When the 

effects of variable viscosity is taken into account, the flow characteristics are significantly 

changed compared to the constant property case. Convection flow in nature and engineering  

phenomena requires that viscosity and thermal conductivity of fluids vary with temperature. 

For instance, the viscosity of dry air at 100
0
 C is 21.94x10

-6
 kg/ms while at 200

0
C it is 

26.94x10
-6

 kg/ms. Ali [1] was briefly discussed the effect of variable viscosity on mixed 

convection heat transfer along a vertical moving surface. Vajravelu et al [35], Singh and 

Shweta [33] and Isaac and Anselm [13] shoed that, velocity distribution decreases with 

increase in viscosity while the temperature profiles increase with increase in variable 

viscosity. Devi and Prakash [9], Animasaun [3],Sreenivasulu et al [34] have examined 

temperature-dependent viscosity and thermal conductivity effects on hydromagnetic flow 

over a slandering stretching sheet with heat source/sink. Makinde  et al. [20] describes the 

MHD flow of a variable viscosity nanofluid over a radially stretching convective surface with 

radiative heat. Aliveni and Sreevani [2] have discussed the effect of variable viscosity, 

radiation absorption on non-darcy mhd convective heat and mass transfer flow past stretching 

sheet with non-uniform heat sources. Recently, Satya Narayana and Ramakrishna [28] 

discussed the effect of Brownian motion and thermophoresis, activation energy on 

hydromagnetic convective heat transfer flow of nanofluid in a vertical channel. In the being 

there of heat sources, Nagasasikala [22] has examined the impact of dissipation on convective 

heat and mass transfer analysis flow nanofluid in a vertical channel. Devasena [8]has talked 

about how thermal radiation affects the flow of heat in nanofluids having Brownian motion 

and thermophoresis. 

 It is worth mentioning that non-Darcial forced flow boundary layers from a very 

important group of flows, the solution of which is of great importance in many practical 

application such as in biomechemical problems. In filtration transpiration cooling and 

geothermal. Singh and Tewani [32] studied the effect of thermal stratification on non-Darcial 

free convection flow by using from Ergun[10] model to include the inertia effect. It is well 

known that there exists non-Darcial flow phenomena bodies inertia effect and solid-boundary 

viscous resistance.  

 In this paper,an attempt has been made to investigate the impact of nonlinear thermal 

radiation and irregular heat sources on convective heat transfer flow of Al2O3-water nanofluid 

past bilinear stretching sheet.The transformed boundary layer equations which represent the 

flow heat and mass transfer are solved numerically using finite element method with 

quadratic interpolation function.  

 

2. MATHEMATICAL FORMULATION  

Consider the steady three dimensional viscous incompressible laminar MHD 

boundary layer flow of a nanofluid past a stretching sheet through nanofluid-saturated porous 

medium filled with water – based alumina nanofluid situated atz = 0. The coordinate system 

is chosen such that (u v w) be the velocity components along (xyz) directions respectively.We 

also consider a constant magnetic field of strengthB0 in the z - direction. The flow is caused 
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by the stretching of the sheet which moves in its own plane with the surface velocity ax 

where a (stretching rate) is positive constant. The stretching surface is maintained at uniform 

temperature Tw and these values are assumed to be greater than the ambient temperature T. 

Under the above assumptions the governing equations describing the momentum and energy 

in the presence of non-linear thermal radiation and irregular heat sources take the following 

form: 

 
Fig. 1 Physical model and Coordinate system 
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The dynamic viscosity of the nanofluids is assumed to be temperature dependent as follows: 
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The similarity transformations are introduced as  
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 By using Rosseland approximation for radiation the radiative heat fluxqr is defined as 
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The non-dimensional temperature 
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Where A11and B1 are the coefficients of space and temperature-dependent heat source/sink 

respectively. The case B1>0 corresponds to internal heat source and the case B1<0 

corresponds to internal heat sink.       

      Using Eqns. (9) (10) and (11) the governing non-linear partial differential equations (1) - 

(5) together with the boundary conditions (6) takes the form 
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Quantities of practical interest in this problem are the local skin-friction coefficient 

along x and y directions local Nusselt number. These are defined respectively as 
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Table 1. Thermo - physical properties of water and nanoparticles. 

Fluid 







3m

Kg
  









kgK

J
Cp

 








mK

W
k  )(10 15  K  

Pure water 997.1 4179 0.613 21 

Copper (Cu) 8933 385 401 1.67 

Silver (Ag) 10500 235 429 1.89 

Alumina (Al2O3) 3970 765 40 0.85 

Titanium Oxide (TiO2) 4250 686.2 8.9538 0.9 

 

3.FINITE ELEMENT ANALYSIS: 

The finite element analysis with quadratic polynomial approximation functions is 

carried out along the axial direction of the wall. The behavior of the velocity temperature 

profiles has been discussed computationally for different variations in governing parameters. 

The Galarkin method has been adopted in the variational formulation in each element to 

obtain the global coupled matrices for the velocity, temperature in course of the finite 

element analysis.   
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where f
k
 g

k


k
  are values of f, g, θ  in the  arbitrary element ek. These are expressed as linear 

combinations in terms of respective local nodal values.   

 

where --------- etc are Lagrange’s quadratic polynomials.     

Galerkin’s method is used to convert the partial differential Eqs. (18) – (20) into 

matrix form of equations which results into 3x3 local stiffness matrices. All these local 

matrices are assembled into a global matrix by substituting the global nodal values of order 1 

and using inter element continuity and equilibrium conditions.In solving these global 

matrices an iteration procedure has been adopted to include the effects of pertinent parametric 

variations.The iteration process is continued until the desired convergence is  gained. 
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Table 2.Comparison of(0) with previously published data.  

(A=w=1,fs=0, A11=0) 
Parameter (0)  

M w R Hayat et al. [11] Present Study 

0.1 1.1 0.1 0.74084 0.73964 

0.3 1.1 0.1 0.70977 0.69980 

0.5 1.1 0.1 0.68279 0.66021 

0.1 1.2 0.1 0.74410 0.75010 

0.1 1.3 0.1 0.74775 0.76025 

0.1 1.4 0.1 0.75180 0.75179 

0.1 1.1 0.05 0.73328 0.73404 

0.1 1.1 0.15 0.74802 0.74208 

0.1 1.1 0.2 0.75482 0.73922 

 

4. RESULTS AND DISCUSSION 

 The numerical computations are conducted for different values of the parameters that 

describe the flow characteristics in Al203-water nanofluid and the results are illustrated 

graphically. A representative set of computational results are presented in Figs. 2a-9c. The 

thermo-physical properties of water and nanoparticles are shown in Table 3. The Comparison 

of present results with the results reported by Hayat et al. [11] is made and found good 

agreement which is shown in Table 2.  

Figs2a-2c exhibit the variation of f,g, with Grashof number(G).An increase in G 

enhances the primary velocity and reduces the secondary velocity in Al203-nanofluid in the 

flow region.The temperature depreciate with increasing values of G.This is due to the fact 

that increase in G decays the thickness of the thermal and solutal boundaries.It is observed 

that the velocity profiles f  and g are both depreciates as the values of M increases in the 

boundary layer regimeinAl2O3-water nanofluid.This is due to the fact that the presence of 

magnetic field in the flow creates a force known as the Lorentz force which acts as a 

retarding force as a result the momentum boundary layer thickness decelerates throughout the 

flow region (Figs. 2a&b). The temperature graphs upsurge as the values of magnetic 

parameter increases (Fig. 2c)in Al203-water nanofluid. This is because of the fact that to 

overcome the drag force imposed by the Lorentzian retardation the fluid has to perform extra 

work, this supplementary work can be converted into thermal energy which increases the 

thickness of the thermal boundary layer. 

Figs.3a-3cexhibitf,g, with porous parameter (K) and viscosity parameter(B).From 

the profiles we find that lesser the permeability of the porous medium smaller the velocities 

in Al203-water nanofluid in the flow region.The temperature grow with increasing values of 

K(figs.3c&d).This may be due to the fact that increase in K leads to thickening of thermal 

and solutal boundary layers. As the values of viscosity ratio parameter (B)increases the 

velocity profiles of felevates and  graphs of g decelerates in based nanofluid region. It is seen 

from Fig.3c that the thickness of thermal boundary layer grows with higher values of(B). 

An increase in slip parameter (B1) reduces the primary and secondary velocity and 

temperature in Al2O3-water nanofluid (figs.4a-4c).The velocity profiles of f  are reduced and 

that of g in based nanofluid are elevated as the values of velocity slip parameter (R1) 

increases in the boundary layer regime as shown in Fig. 4a&b.However the thermal boundary 

layer thickness in  based nanofluid decay as the values of(R1) rises and is shown in Fig. 4c.  

It is observed from Fig.5a&b that as the values of suction parameter(fw) increases  

both velocity profiles  in Al203-water nanofluid depreciate. This is due to the fact that suction 

is taken away the warm fluid from the surface of the sheet and thereby decreases the 

thickness of the velocity boundary layer. It is seen from Fig. 5c .that the thickness of thermal 
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boundary layer becomes thinner with higher values of fw(>0)while in the case of 

injection(fw<0) we find a decay in primary velocity and reduction in secondary 

velocity,temperaturein the fluid region. 

The variation of velocities,temperature with heat transfer parameters(A11,B11) is 

shown in figs-6a-6c.From the profiles we find that the velocities and temperature experience 

enhancement with rising values of space/temperature dependent heat sources in the fluid 

region. 

Figs.7a-7c depict the velocities, temperature profiles for different values of 

nanoparticle volume fraction ().It is perceived from Fig. 7a&7b.that primary velocity 

profiles f upsurge and secondary velocity(g)  diminishes in Al203-water nanofluid as the 

nanoparticle volume fraction () increases. This is due to the fact that increasing the 

nanoparticle volume fraction enhances the momentum boundary layer thickness in the flow 

region. It is noticed from Fig. 7c, the temperature profiles retard as the nanoparticle volume 

fraction increases. This is due to the fact that as  increases the thickness of thermal boundary 

layers become thinner in the flow region.An increase in Prandtl number(Pr) produces a 

depreciation in the primary velocity,temperature and an enhancement in the secondary 

velocityin the flow region.Pr is the ratio of the rate of viscous diffusion to the rate of thermal 

diffusion,increased values of Pr corresponds to reduction in the thermal diffusivity which 

leads to the decreasing of energy ability resulting in the shrinking of the thermal boundary 

layer. 

An increase radiation parameter (Rd) raises velocity profiles fand g increases in 

based nanofluid region and is shown in Fig.8a&b. It is perceived from Fig.8c that as the 

values of Rd increases the temperatureprofiles are decay in the flow region. This is because 

of the fact that the mean absorption coefficient decreases with increasing values of radiation 

parameter; as a result the thermal boundary layer thickness of the fluid decay.Also an 

increase in the temperature difference ratio parameter(A) leads to a depreciation in both 

velocities,temperature in the flow region.This may be due to the fact that with increase in 

temperature ratio(A) the momentum,thermal boundary layer thickness become thinner(8a-

8c). 

Figs.9a-9c represent the effect of Forchheimer parameter(fs) on f’,g and .An increase 

in fs depreciates primary velocity and upsurge secondary velocity,temperature in the entire 

flow region.Thus the inclusion of non-Darcy term in the momentum equations leads to decay 

in primary velocity and growth in secondary velocity,temperature. 

 Table.3 exhibits the variation of skin friction(x, τz),Nusselt number(Nu) on =0 for 

different parametric variations.An increase in Grashof number grows the skin friction 

coefficient x,z. Nu on the wall in Al203-water nanofluid.Higher Lorentz force/lesser 

theporous permeability larger x,τz,smaller Nu on =0 in Al203-water nanofluid.Higher the 

viscosity parameter(B)/temperature difference ratio parameter(A)smaller skin friction 

τx,larger τz and Nusselt number at =0.Higher radiative heat flux/Prandtl number(Pr) smaller 

the skin friction coefficients.Nu reduces with Rd and enhances with Pr on the wall.Higher 

viscosity parameter(B) smaller τx,Sh, larger τz and Nu in Al203-water nanofluid.An increase 

in nanoparticle volume fraction() reduces  z and enhances τx,Nu on the wall.The 

skinfriction coefficients reduces with slip parameter(B1) and enhances with increase in R.Nu 

reduces with B1 and grow with R on the wall.x,z,Nu grow with increase in suction 

parameter(fw>0) while an increase in injection parameter(fw<0)grows τx,decays τz,Nu on 

=0.With rising values of Space/temperature dependent (A11,B11) the skin friction 

components and rate of heat transfer grows on the wall =0. Higher Forchheimer 

parameter(fs) larger the skin friction z and rate of heat transfer (Nu), smaller y on =0. Thus 

the inclusion non-Darcy term in the momentum eq. leads to an enhancement in  and Nu. 
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Fig.2.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with G and M 

K=0.2,B=0.5, B1=0.1,R1=0.1,fw=0.1, =0.05,Pr=6.20, Rd=0.5, A=1.05, fs=0.1, A11=0.1, B11=0.1 

 

 

 

 

 
Fig.3.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with K and B 

G=2, M=0.5, B=0.1,R1=0.1,fw=0.1, =0.05,Pr=6.20, Rd=0.5, A=1.05, fs=0.1, A11=0.1, B11=0.1 
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Fig.4.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with B1 and R1 

G=2, M=0.5, K=0.2,B=0.5, fw=0.1, =0.05,Pr=6.20, Rd=0.5, A=1.05, fs=0.1, A11=0.1, B11=0.1 

 

 

 
Fig.5.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with fw 

G=2, M=0.5, K=0.2,B=0.5, B1=0.1,R1=0.1, =0.05,Pr=6.20, Rd=0.5, A=1.05, fs=0.1, A11=0.1, B11=0.1 
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Fig.6.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with A11 and B11 

G=2, M=0.5, K=0.2,B=0.5, B1=0.1,R1=0.1,fw=0.1, =0.05,Pr=6.20 

 
Fig.7.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with  and Pr 

G=2, M=0.5, K=0.2,B=0.5, B1=0.1,R1=0.1,fw=0.1, Rd=0.5, A=1.05, fs=0.1, A11=0.1, B11=0.1 
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Fig.8.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with Rd and A 

G=2, M=0.5, K=0.2,B=0.5, B1=0.1,R1=0.1,fw=0.1, =0.05,Pr=6.20, fs=0.1, A11=0.1, B11=0.1 

 

Fig.9.Variation of [a] axial velocity(f), [b] secondary velocity(g), [c] temperature() with fs 

G=2, M=0.5, K=0.2,B=0.5, B1=0.1,R1=0.1,fw=0.1, =0.05,Pr=6.20, A11=0.1, B11=0.1 
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Table : 3 :  Skin friction(τx,z), Nusselt number(Nu) at =0 
Parameter Al2O3-water nanofluid Parameter Al2O3-water nanofluid 

τx(0) τz(0) Nu(0)  τx(0) τz(0) Nu(0) 

G 

  

  

2 -0.173449 -0.601246 1.23976 B1 

  

  

0.1 -0.173449 -0.601246 1.23976 

4 0.211555 -0.608177 1.28145 0.2 -0.115395 -0.469525 1.21018 

6 0.575444 -0.614439 1.31765 0.3 -0.085755 -0.390487 1.19225 

M 

  

  

0.5 0.119978 -0.646869 1.26407 R 

  

  

0.2 -0.201526 -0.810487 1.27504 

1 -0.341282 -0.676058 1.20508 0.3 -0.219572 -0.956666 1.29778 

1.5 -0.453978 -0.724467 1.18195 0.5 -0.237125 -1.10681 1.31995 

K 

  

  

0.2 -0.173449 -0.601246 1.23976  
  

  

0.05 -0.0173449 -0.601246 1.23976 

0.4 -0.273251 -0.646174 1.21914 0.1 -0.0331084 -0.568093 1.27488 

0.6 -0.488846 -0.739206 1.17482 0.12 0.0475432 -0.54509 1.29433 

B 

  

  

0.5 -0.124192 -0.639771 1.23991 Pr 

  

  

0.71 0.34485 -0.656044 0.436452 

0.75 -0.090335 -0.666247 1.24004 1.71 0.169965 -0.655312 0.597198 

1.0 -0.019732 -0.721446 1.24134 6.2 0.133932 -0.600291 1.254522 

A 

  

  

1.05 0.403654 -0.664471 0.35324 fw 

  

  

  

  

  

0.1 -0.173449 -0.601246 1.23976 

1.15 0.267187 -0.670045 0.43588 0.2 -0.435159 -0.694886 1.68997 

1.20 -0.052994 -0.698405 0.74608 0.3 -0.708677 -0.790052 2.16893 

Rd 

  

  

0.5 -0.297744 -0.580753 1.53222 -0.1 0.037801 -0.519059 0.873125 

1.5 -0.206505 -0.565146 1.26578 -0.2 0.208237 -0.440794 0.563091 

5.0 0.190337 -0.564389 0.97633 -0.3 0.269172 -0.406597 0.443718 

fs 0.1 -0.297744 -0.580753 1.53222 B11 0.1 -0.173449 -0.601246 1.23976 

0.2 -0.306504 -0.545130 1.26558 0.3 -0.191990 -0.769525 1.25018 

0.3 0.320336 -0.524387 0.97573 0.5 -0.225765 -0.990487 1.28425 

0.4 0.340336 -0.504387 0.99572      

A11 0.1 -0.297744 -0.580753 1.53222      

0.3 -0.316503 -0. 651460 1.26692      

0.5 0.350342 -0.674392 0.99628      

 

5. CONCLUSIONS 

 Three-dimensional flow heat transfer of Al203 –water based nanofluid over porous 

stretching sheet with variation in viscosity is studied in this analysis. The primary velocity 

distribution elevates, secondary, temperature decelerate with the higher values of () in 

Al203-water nanofluid. It is worth to mention that the heat rate improve in Al203-water as the 

values of  increase. Increasing values of M,K,B1 accelerates the temperature of the fluid.  

 The temperature rise with B1 and reduce with R on the wall. Primary velocity, 

temperature enhance, secondary velocity with viscosity parameter(B).Nu grows decays for 

higher values of viscosity parameter. Higher the strength of the space/temperature(A11/B11) 

dependent heat source leads to a depreciation in the flow variables. The inclusion of non-

Darcy (Forchheimer (fs)) term in the momentum equations leads to decay in primary velocity 

and growth in secondary velocity, temperature. 
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